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1. INTRODUCTION 
In this paper, we are concerned with the z-insensitizing control problem for the heat equation. 
More precisely, let f /C  ]~ be a bounded regular open set and O, w C f /be  two open and nonempty 
subsets. Given T > 0, we denote Q = (0, T) × f~, E = (0, T) × 0~. 
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For ~ c L2(Q) and y0 E L2(~), we consider the following heat equation: 
yt - Ay = ~ + hl~, in Q, 
y = o, on E, 
y(0, x) = y°(x) + ~z °, in ~, 
(1) 
where 1~ denotes the characteristic function of the set w. 
In (1), h = h(t, x) is a control term which belongs to L2((0, T) x w) and y = y(t, x; h, T) is the 
state. 
The data of the state equation (1) are incomplete in the following sense: 
• z ° e L~(ft) is unknown and ][z°l[L2(f~) : 1; 
• ~- E • is unknown and small enough. 
Given y solution of (1), we define the functional 
/0 /o ~(y(t, x; h, T)) = y2(t, X) dx dt. (2) 
We say (see [1]) that h s-insensitizes the functional given by (2) if 
[ O~(y(t ,  x; h, T)) < ~. OT T~O (3) 
The problem of e-insensitizing controllability is equivalent o an approximate controllability 
problem for a cascade linear system. Indeed, in [1] it was proved that ~ can be e-insensitized 
for any yO C L2(gt), ~ E L2(Q), if and only if, for each yO E L2(~), ~ E L2(Q), there exists 
h E L2((0, T) x w), such that the function q given by 
Yt - Ay = ~ + hl~, in Q, 
y = 0, on Y],, (4) 
y(0) = y0, in ~t, 
-qt  - Aq = y lo ,  in Q, 
q = 0, on E, (5) 
q(T) = O, in fl, 
satisfies 
Iq(O)l __ ¢. (6) 
Observe that (6) is an approximate controllability property for the cascade system (4),(5). This 
approximate controllability property is equivalent o a unique continuation property. More pre- 
cisely, let p0 E L2(~). We consider the following cascade system: 
Pt - Ap = 0, in Q, 
p = 0, on E, 
p(O) = pO, in fl, 
- z t  - Az  = p lo ,  in Q, 
z = 0, on E, 
z(T) = O, in ~2. 
(7) 
(8) 
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Bodart and Fabre [1] proved that s-insensitivity is equivalent to the following unique continuation 
property: 
z=-0 in  (0, T) xw =~ z- -=0inQ and p0=0in f / .  (9) 
If we assume that w n O # 0, the problem is by now well understood (see [1] for bounded 
domains and [2] for unbounded omains). Let us briefly show that when w N O # 0, (9) holds 
true. Indeed, z = 0 in (0, T) × co implies p = 0 in (0, T) x (co n O). So, from the Saut-Seheurer 
uniqueness theorem [3] (or I-ISrmander's theorem), we get that p -- 0 and so is z. Next, z - 0 
in Q implies p -= 0 in (0, T) x O, and therefore, p0 = 0. 
Moreover, by assuming again nonempty intersection and e = 0, Lions [4] introduced the notion 
of insensitizing controls and characterized, not in classical terms, the couples (~, y0) that can be 
insensitized. In [5], the null controllability of system (4),(5) when y0 = 0 and ~ is such that for M 
large enough f [  fa eM/t(2 dx dt < ee is established. 
As far as we know, the problem when O is an open set and co n O = 0 is not, for the moment, 
well understood and remains an open problem. This paper is one step in understanding this 
problem by considering a particular 1-D ease in which the unique continuation property for the 
cascade system (7),(8) holds true. 
The arguments used are based on the particular and explicit form of the eigenveetors of the 
Dirichlet Laplace operator. The reader may be interested in this particular example because it 
can give an idea of the difficulties of other choices of the sets t2, w, and O. 
2. MAIN  RESULTS 
Let ~ = ( -L ,  L), O = (0, L), and w = ( -L ,  0). 
If p0 E L2(ft) and T > 0, we consider the following cascade system: 
pt - Ap = 0, in Q = (0, T) x ( -L ,  L), 
p(t, -L )  = p(t, L) = 0, on (0, T), 
p(O,x) = p°(x), in ( -L ,L ) ,  
(10) 
- z t  - Az  = p lo ,  in Q, 
z ( t , - L )  = p(t ,L)  = O, on (O,T), (11) 
z(T ,x )  = 0, in ( -L ,  L). 
We address the following question. Does z - 0 in (0, T) x w imply z - 0 in Q and pO = 0 in 
( -L ,  L) ? We shall give a positive answer to this question by using the Fourier decomposition of 
the solutions of (10),(11). More precisely, we have the following unique continuation property. 
THEOREM 1. Let 19o E L2( -L ,  L) and (p, z) the corresponding solution of the cascade system 
(10),(11). Suppose that z satisfies z = 0 in (O,T) x ( -L ,O) .  Then, pO = 0 in ( -L ,L )  and z - 0 
inQ.  
As a consequence of this theorem, we have the following result. 
THEOREM 2. Let yO 6 L2( -L ,  L), ~ E L2(Q). Then, for every e > 0, there exists h E g2((0, T) × 
(0, L) ) z-insensitizing the functional given by (2). 
The proof of this theorem is by now classical, once the unique continuation property given by 
Theorem 1 is proved. We refer the reader to [1]. 
3. PROOF OF  THEOREM 1 
PROOF. The eigenvalues of the Laplace operator with Dirichlet boundary conditions in ( -L ,  L) 
are 
)~n = (n-~-~ 2 , n > 1, (12) 
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with associated eigenfunctions 
and 
with associated eigenfunctions 
~n(X) = sin (T)'nlrx 
#n = n > 1, 
~(x) = cos ~ {(2,~ --_l)Irx'~ 
2L / '  \ 
(13) 
(14) 
(15) 
Note that the set {~n}n>l U {~n}n_>l is complete and orthogonal in L2(-L, L). If we have 
it follows that the solution p of (10) is given by 
;(t, ~) = ~ [~ne-~"~n(~) + Zn~--'~%~(~)]. 
n>l 
Moreover, the solution z of (11) is given by 
~(t, ~) = ~ [~,~(t)~,,(~) + bn(t)~n(~)], 
n~l  
where coefficients an and bn are such that 
E [(-a~(t) + A~a~(t)) ~o,~(x) + (-b~(t) + #,~bn(t)) ~,~(x)] = p(t, x)l(o,L), 
n>l 
(16) 
and an(T) = bn(T) = 0 for all n _> 1. 
We shall determine xplicit expressions for coefficients an and bn by using the orthogonality 
properties of the eigenfunctions in (0, L) and ( -L ,  0). This is the moment when the particular 
choice of the sets (9 and w is used. The orthogonality in L2(-L, L) of the eigenvectors still holds 
in L2(O,L) and L2(-L,  0). 
By multiplying (16) by ~k(X) and integrating in ( -L ,  0), we obtain that 
where 
1 
2--L (-a~(t) + )~kak(t)) + E (-b~(t) + #nbn(t))7~n = O, 
n>l 
F "Y~n = ~k(x)~n(x) dx. L 
By multiplying (16) by ~k(x) and integrating in (0, L), we obtain that 
1 
- -  = [ /3~e "~k,~] 2L (_a~(t) + Xkak(t)) + E (_b~(t) + #~b~(t)),72 n akc-~,kt + E -,~t 2 2L- n>_l n>l 
(17) 
(is) 
where 
fO L "y2 n = ~ok(x)~(x) dx = -'Y~n" 
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By adding (17) and (18), we obtain the following equation for ak(t): 
-a~(t) + Akak(t) = 2 e-~kt + E [Lfi~e-'"tv~,] •
n>l 
By taking into account hat ak(T) = 0, we obtain that 
ak(t) = ak e_Ak T (e),k(T_t)_e_Ak(T_t) ) 
4Ak 
+ ~--',._., [ 4L3"~ 2pn~'kn (etL,(T--t) _e--A~(T--t))] 
~___~ (2n-- 1)2¢r 2+ 4k2~r ~e-~"T 
In a similar way, we obtain that 
: 0 
4#k 
[ 4L3°~n~'2n e_~.~T )] 
+ E k(2k_ 1)2~ + 4n2~ ~ (eX~(T-~)--e -"~(T-~) . 
n>l  
Let us now denote 
3 2 a~ = ak e_~T 2 = 4L ~n~/kn e_#.T, 
4Ak ' ak~ (2n -- 1)21r 2+ 4k2r 2 
3 2 4L ~k~ e--A~T. 
b~ = 4.~Z~ e- .~ ,  bL = (2k - 11~ + 4~ 
(19) 
(20) 
(21) 
a~e ~ = 0, (25) 
k~l k_~l n>l  
--k/ k~ (a~ + 4) Z 4e ~" - ~ -~- e-~" + E 4 ~"~ = 0. (261 
kk l  k>l  nk l  
Let us now recall the following classical result for the completeness of a family of exponential 
functions (see [6, p. 54] and also [7, Theorem 15.26] or [8] for similar results). 
kqr 
k>l 
If we denote 
4 = Z ~n~, ~o = L ~k~-, 
n>l k_~l 
from (23) and (24), we obtain that 
4 Z 2 2 = bnk' dn E 2 = b~k, 
If we denote w(t, x) --- z(T - t, x), it follows that 
(22) 
Note that classical regularity results for the heat equation imply that 
z E C ((0,T); H:( -L ,  L) n H~(-L,  L)). 
Hence, z(t, .) is continuously differentiable in x = 0. Since z(t, .) = 0 in ( -L,  0), we obtain that 
z(t, O) = zx(t, O) = 0 for all t C (0, T). The same properties hold for w. It follows that 
b~ (e." - e-.") + ~ b~k (e~ - e-"")] = 0, (23) 
k_~l n>l  
a~ (eakt--e-~kt) + n>_l ~ a~k (e"'t -- e-~kt)] =0.  (24) 
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THEOREM 3. MUNTZ-SZASZ. /t: (~k)k 1 and ((2)k> 1 are two strictly increasing sequences of 
positive real numbers uch that 
1 1 
(27) 
then the family of exponential functions A = (e-¢~)k>_l [A (e¢~t)k>_l is not complete in L2(A, B) 
for any A, B E •, A < B. 
The following remark will be useful to obtain the desired uniqueness result. 
1 t 2 
REMARK 1. If the family of exponential functions A = (e-¢k)~>1 U (e;kt)k>l from the previous 
theorem is not complete in L2(A, B) and the equality 
k:>l k_>l 
1 holds in L2(A, B), it follows that c k = c 2 = 0 for all k _> 1. Indeed, suppose that there exists 
j > 1 such that c) • 0 (the case c~ ¢ 0 may be treated in a similar way). From (28), it follows 
that 
x TM = e-'J' (291 E t, cJ) k>l, k¢j k>~ 
Let X) be the closed linear space generated by Aj = A \ {e-¢~ t } in L2(A, B). Since h is not 
complete in L2(A,B), neither is Aj. But from (29) it follows that e-¢~ t C X~. A contradiction 
is obtained now from the following lemma (see [9, Theorem 8, p. 129]). 
LEMMA 1. Let -c~ < A < B < co. A system (eCkt)kc~.* iS complete in L2(A, B) if its closed 
linear span contains one other exponential function e Ct. 
Let us now go back to our problem. The families 
satisfy (27). By taking into account Remark 1, it follows from (25) that b~ -- 0 for all k > 1 and 
from (26) that a~ = 0 for all k > 1. Finally, we obtain that all coefficients ak and/3k are zero 
and the proof finishes. | 
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